Introduction
A terrain-following, -coordinate initiated by Phillips (1957) is widely applied to numerical models because of its advantage in implementing boundary conditions. However, some characteristics of σ-coordinate, especially because it is non-orthogonal and curvilinear, are likely to result in computational problems in a model. Clark (1977) proposed that the Christoffel symbols in the third momentum equation of the -coordinate arise from the non-orthogonal characteristics, which brought about the non-conservative problem in a model. It has been reported that the curvilinear -coordinate surfaces could cause computational errors in horizontal gradient terms above steep topography (Corby et al., 1972; Lin, 1997; Klemp and Skamarock, 2003) . Steppeler et al. (2003) 
noted that
Corresponding author: WANG Bin, wab@lasg.iap.ac.cn the -coordinate was non-orthogonal and strongly deformed over steep terrain, which can result in a series of potential problems, such as spurious flows. More recently, Ji et al. (2005) pointed out that analyses on problems associated with the non-orthogonal characteristic of -coordinate were still lacking.
Although the main characteristics of -coordinate would cause a series of problems in a model, they were usually described in a qualitative way, such as a twodimensional (2-D) schematic of -coordinate surfaces drawn by Pielke (2002) and basis vectors at certain location illustrated by Zdundowski and Bott (2003b) . Moreover, few studies provided a complete 3-D schematic of the -coordinate, and little was done to quantify those characteristics. We revisit the main characteristics of the -coordinate in detail through a comprehensive and mathematical analysis of specific expressions of the covariant and contravariant basis vectors and the vertical coordinate of . Based on these quantitative analyses, feasible approaches are proposed in this study to improve the terrain-following coordinate and to overcome its disadvantages.
In this study, a complete 3-D schematic of the -coordinate in a view of a curvilinear coordinate system is presented. The characteristics of the basis vectors were broken down into two aspects in addition, mathematical expressions of the covariant and contravariant basis vectors of the -coordinate and the -coordinate surfaces were solved. Based on these computations, the detailed characteristics of the basis vectors were determined, the characteristics of the -coordinate surfaces were quantified, and a general range of  was validated. is that contravariant basis vectors are normal to the coordinate surfaces (Dutton, 1976a) . In a -coordinate, the horizontal covariant basis vectors and the vertical contravariant basis vectors vary in the horizontal and vertical, respectively, while the covariant and contravariant basis vectors are non-orthogonal when the height and slope of terrain do not equal zero ( Gal-Chen and Somerville (1975) have been used by many numerical models, such as the Regional Atmospheric Modeling System (Pielke et al., 1992) , the Coupled Ocean/Atmosphere Mesoscale Prediction System (Hodur, 1997) , and the Advanced Regional Prediction System (Xue et al., 2000) . The definitions of these classic -coordinate are used in the following computation as an example:
where x and y are two horizontal coordinates of the
of the model, and h=h(x, y) represents the terrain.
Covariant and contravariant basis vectors
To obtain detailed characteristics of these vectors, their characteristics were broken down into two aspects: (1) the "local vector characteristics" comprising the magnitude and direction of every basis vector at certain location and (2) the "spatial distribution characteristics" comprising the variation of all the basis vectors according to the horizontal and vertical. Dutton (1976b) and Pielke (2002) solved basis vectors of a generalized vertical coordinate; however, they did not present the exact expressions in the  z -coordinate. Herein, Eqs.
(1)(3) were used to solve the covariant and contravariant basis vectors of the  z -coordinate, illustrated by the vertical coordinate  z and terrain h. The definitions of covariant and contravariant basis vectors are given by the following:
where i = 1, 2, or 3, j is a sum from 1 to 3, (1)(3) and expanded the summation; the covariant and contravariant basis vectors of  z -coordinate were then obtained as follows:
and
The right-hand side (RHS) of Eqs. (6)(11) demonstrated the "spatial distribution characteristics" of the basis vectors (Tables 2 and 3) . Specifically, when the vertical coordinate  z increased, the second term on the RHS of Eq. (6) and Eq. (7) decreased, and the first term stayed constant; the vertical components of the covariant basis vectors, e 1 and e 2 , decreased, while their horizontal components were constant, with the result that e 1 and e 2 became "flat", according to the height (Fig. 2) . In addition, when the height z increased, the first and second terms on the RHS of Eq. (11) decreased and the third term remained constant; the horizontal component of the contravariant basis vector e 3 decreased while its vertical component was constant; therefore, e 3 became "steep" according to the height (Fig. 2) .
The metric tensors of the  z -coordinate were used to demonstrate the "local vector characteristics" of the basis vectors. The definitions of the covariant and contravariant metric tensors were given by Zdunkowski and Bott (2003a) as follows: 
and 
In Eq. (14) (Tables 2 and 3) . Thus, the co- 
. (15) variant basis vectors of the  z -coordinate were nonorthogonal and the contravariant basis vectors could be described as "half-orthogonal," when the height and slope of terrain did not equal zero (Fig. 2) . Note that the horizontal (vertical) covariant basis vectors are always orthogonal to the vertical (horizontal) contravariant basis vectors (Fig. 2) , whatever the expression of , according to the definition of covariant and contravariant basis vectors. Thus, using the horizontal (vertical) covariant basis vector and the vertical (horizontal) contravariant basis vector of -coordinate as the basis vectors of a coordinate, an orthogonal terrain-following coordinate can be obtained, upon which the equations will be as simple as those in the Cartesian coordinate, which can potentially avoid the associated computational problems.
Finally, substituting 0
, and h=0 into Eqs. (6)(11), Eq. (14) and Eq. (15) 
-coordinate surfaces below the Earth surface, only the expression of this function above the terrain was considered when designing the terrain-following coordinate.
Summary
The main characteristics of a -coordinate were described in a more quantitative way than in previous studies to quantify the known characteristics and to elucidate some detailed characteristics. Specifically, a 3-D schematic of the coordinate surfaces, lines, and axes of a -coordinate was provided in view of a curvilinear coordinate system. The spatial variation of the covariant and contravariant basis vectors of the -coordinate were obtained by breaking down the characteristics of the basis vectors into the "local vector characteristics" and "spatial distribution characteristics" and analyzing their mathematical expressions. Particularly, a mathematical expression of all the -coordinate surfaces was found as viewed in the Cartesian coordinate framework to quantify the so-called terrain-following characteristic and lack of flexibility to adjust the slope variation of -coordinate surfaces in the classic definition of . In addition, the "-coordinate surfaces below the Earth surface" were found, thereby validating the general range value of the vertical coordinate. The quantitative descriptions of the characteristics of the -coordinate provided detailed suggestions to improve the classic -coordinate or create a new one, thus potentially resolving its associated computational problems. First, the "local vector characteristics" and "spatial distribution characteristics" of basis vectors manifest the possibility to create an orthogonal terrain-following coordinate; second, the mathematical expression of -coordinate surfaces and their slope variation can be used to generate a smooth -coordinate surface in high levels, while preserving the terrain-following characteristic; third, the analysis of the value range of  allowed for the focus to be placed primarily on the definition of  above the terrain. Incidentally, improvements of the classic -coordinate, which complied with the quantitative descriptions, need to be investigated via further numerical experiments.
